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Spatial E0–Semigroups are Restrictions
of Inner Automorphismgroups
Michael Skeide∗
If ϑ is a strict E0–semigroup on some Ba(E), then Skeide [Ske02, Ske04] and Muhly, Skeide and
Solel [MSS04] associate with ϑ a product system of correspondences. We say the E0–semigroup
is spatial, if the associated product system is spatial in the sense of Skeide [Ske01b]. The main
goal of these notes is to establish the following theorem that just restates the title of these notes
in a more specific form. Further terminology used in the theorem will be discussed after the
notes and the example.
Main theorem. Suppose that E+ is a Hilbert module over a (unital) C∗–algebra B and that
ϑ =
(
ϑt
)
t∈T is a spatial strict E0–semigroup on Ba(E+). Then there exists a correspondence E−
over B and a semigroup w = (wt
)
t∈T of unitaries wt on E := E+ ⊙ E− such that the canonical
homomorphism Ba(E+) → Ba(E+) ⊙ idE− is an isomorphism and such that for every t ∈ T the
restriction of αt := wt • w∗t to Ba(E+) ⊙ idE− is ϑt ⊙ idE− .
Notes. 1.) The result has an obvious variation for normal E0–semigroups when E+ is a von
Neumann (or W∗–) module. Just replace correspondences by von Neumann (or W∗–) corre-
spondences and their tensor products.
2.) Following the lines of Skeide [Ske03] it is easy to show that the unitary semigroup w
reflects the continuity properties of the E0–semigroup ϑ. But we do not have enough space to
include the proof of such technicalities here.
3.) Unfortunately, for Hilbert modules the condition that Ba(E+) → Ba(E+) ⊙ idE− injective
is not automatic, if the the left action of B on E− fails to be faithful.
Example. The usual time-shift endomorphism (CCR-flow) on the symmetric Fock space
Γ(L2(R+, K)) may be understood as the restriction of of the unitarily implemented time-shift
automorphism on Γ(L2(R, K)) = Γ(L2(R+, K)) ⊗ Γ(L2(R−, K)) to B(Γ(L2(R+, K))) ⊗ idΓ(L2(R−,K)).
The same is true for time-ordered Fock modules [BS00], the module analogue of the symmetric
Fock space.
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Now we explain in detail the terms used in the theorem. The semigroup with identity T is
either R+ = [0,∞) or N0 = {0, 1, . . .}. A correspondence over B (or a Hilbert B–bimodule)
is a Hilbert B–module with a nondegenerate left action of B as a representation by adjointable
operators. Ba(E) denotes the C∗–algebra of all adjointable operators on a Hilbert module E.
The tensor product is the internal tensor product over B. An E0–semigroup is a semigroup of
unital endomorphisms, and a unital endomorphism of Ba(E+) is strict if its restriction to the
compacts K(E+) := span{xy∗ (x, y ∈ E+)} acts nondegenerately on E+, where xy∗ denotes the
rank-one operator z 7→ x〈y, z〉. (This is the simplest and most useful criterion for strictness;
see, for instance, Lance [Lan95].)
A product system is a family E⊙ = (Et
)
t∈T of correspondences over B with E0 = B and an
associative family of isomorphisms (that is, bilinear unitaries) ust : Es ⊙ Et → Es+t (being the
canonical ones when s = 0 or t = 0). Using the representation theory of [MSS04], [Ske04] asso-
ciates with every ϑt (t > 0) the correspondence E∗+⊙ ϑt E+, where E∗+ is the dual correspondence
from B to Ba(E+) of E+ with inner product 〈x∗, y∗〉 = xy∗ and obvious B–Ba(E+)–bimodule
operations, while ϑt E+ is E+ viewed as correspondence from Ba(E+) to B with left action of
Ba(E+) via ϑt. (If E+ is full, that is, if span〈E+, E+〉 = B, then this definition applies also for
t = 0. Otherwise, we have to put E0 = B by hand.) The isomorphisms ust are determined by
ust((x∗s ⊙s x′s)⊙ (y∗t ⊙t y′t)) = x∗s ⊙s+t ϑt(x′sy∗t )y′t , where by ⊙t we indicate that the tensor product is
that of E∗+ ⊙ ϑt E+ = Et. Product system and E0–semigroup are related by the family u =
(
ut
)
t∈T
of unitaries ut : E ⊙ Et → E determined by ut(x ⊙ (y∗ ⊙t z) = ϑt(xy∗)z which give back ϑt as
ϑt(a) = ut(a ⊙ idEt )u∗t .
A unit for a product system E⊙ = (Et
)
t∈T is a family ξ⊙ =
(
ξt
)
t∈T of vectors ξt ∈ Et such that
ust(ξs ⊙ ξt) = ξs+t and ξ0 = 1 ∈ E0 = B. This implies necessarily that B is unital. (As observed
in Bhat and Skeide [BS00] the definition of the inner product in internal tensor products implies
that the mappings Tt := 〈ξt, •ξt〉 form a CP-semigroup on B. Without the condition on ξ0,
the mapping T0 could never be the identity. See also the discussion of nonunital B in Skeide
[Ske04].) According to [Ske01b] a product system is spatial if it admits a central unital unit
ω⊙ =
(
ωt
)
t∈T. Here central means that bωt = ωtb for all t ∈ T, b ∈ B, and unital means that
〈ωt, ωt〉 = 1 for all t ∈ T. Spatiality of the product system of ϑ implies that E+ is full. Of course,
a central unital unit ω⊙ generates the trivial CP-semigroup 〈ωt, •ωt〉 = idB.
Remark. For B unital and E+ full one may show that spatiality of the E0–semigroup ϑ is
equivalent to existence of a semigroup v = (vt
)
t∈T of intertwining isometries vt ∈ Ba(E+) for ϑ,
that is, ϑt(a)vt = vta. (This is closest to Powers’ original definition of spatial E0–semigroups
[Pow87] in the case when E+ is just a Hilbert space.) In fact, if there is a central unital unit
ω⊙, then vt := ut(idE+ ⊙ωt) defines such a semigroup of intertwining isometries. (Here idE+ ⊙ωt
denotes the mapping x 7→ x ⊙ ωt.) Conversely, given such a semigroup v by general abstract
nonsense one may show the converse. (This involves Rieffel’s fundamental results on Morita
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equivalence [Rie74a, Rie74b] together with such simple observations like E∗+ (full!) is a Morita
equivalence fromB to K(E+) and Ba(B, E+) = E+ (B unital!) thinking of x ∈ E+ as the mapping
b 7→ xb.)
We will also show a supplement to the main theorem regarding weak dilations in the sense
of [BS00]. The pair (E+, ϑ) is a weak dilation of a (necessarily unital) CP-semigroup, if there
exists a unit vector ξ+ ∈ E+ (unit vector means that 〈ξ, ξ〉 = 1) such that the projection p0 :=
ξ+ξ
∗
+ is increasing for ϑ, that is, ϑt(p0) ≥ p0 for all t ∈ T. In this case Tt(b) := 〈ξ+, ϑt(ξ+bξ∗+)ξ+〉,
indeed, defines a unital CP-semigroup T and ϑ , clearly, is a dilation of T (under the embedding
b 7→ ξ+bξ∗+). Also, it is not difficult to check that under these circumstances E⊙ has a unital unit
ξ⊙ such that Tt = 〈ξt, •ξt〉; see [Ske02].
Supplement. If (E+, ϑ, ξ+) is a weak dilation of the unital CP-semigroup T , then the corre-
spondence E− in the main theorem can be chosen such that E− contains a (central) unit vector
ω− and the semigroup α is a dilation of T with respect to the embedding b 7→ ξbξ∗ ⊙ idE− in the
vector expectation 〈ξ+ ⊙ ω−, •ξ+ ⊙ ω−〉.
We note that (E+ ⊙ E−, α, ξ+ ⊙ω−) is a weak dilation of T , if and only if T is the trivial CP-
semigroup and if the projection idE+ ⊙ω−ω∗− is invariant for α. It is, generally, a weak dilation
with respect to the filtration αt(p0 ⊙ idE−) = ϑt(p0) ⊙ idE− , if we apply the weaker hypothesis of
Bhat and Parthasarathy [BP94] (rephrased suitably in terms of Hilbert modules).
1 Units and inductive limits
As a motivation for the construction of E− we repeat an inductive limit construction from [BS00]
that reverses in some sense the construction of the product system E⊙ from ϑ in the case when
(E+, ϑ) is weak dilation.
So let E⊙ be a product system and ξ⊙ a unital unit for E⊙. Then ξs ⊙ idEt : xt 7→ ust(ξs ⊙ xt)
defines an isometry in Ba(Et, Es+t). The family (Et)t∈T together with the family of embeddings
ξs ⊙ idEt forms an inductive system of Hilbert B–modules (not of correspondences!) and the
completion of the algebraic inductive limit is Hilbert B–module which we denote by E∞.
The factorization Es ⊙ Et = Es+t (we surpress the mappings ust) survives the inductive limit
and gives rise to a factorization E∞ ⊙ Et = E∞ fulfilling the associativity condition (E∞ ⊙ Es) ⊙
Et = E∞ ⊙ (Es ⊙ Et). Therefore, ϑ˜t(a) := a ⊙ idEt defines a strict E0–semigroup on Ba(E∞).
As ξs ⊙ ξt = ξs+t, the unit vector ξt ∈ Et, when embedded into Es+t, coincides with ξs+t.
Therefore, E∞ contains a distinguished unit vector ξ∞, the inductive limit of all the ξt, and
(E∞, ϑ˜, ξ∞) is a weak dilation of the CP-semigroup Tt = 〈ξt, •ξt〉.
1.1 Remark. If (E+, ϑ, ξ+) is a weak dilation and if E⊙ and ξ⊙ are product system and unit
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associated with that dilation, then E∞ is identified naturally as the submodule
⋃
t∈Tϑt(p0)E+ of
E+. The dilation is primary, if E+ = E∞. In this case also ϑ = ϑ˜ and ξ+ = ξ∞.
2 Proof of the main theorem and its supplement
Already in Skeide [Ske01a] we noted that in the case of a central unital unit ω⊙ the preceding
inductive limit can be performed into the other direction, that is, using embeddings idEt ⊙ωs
rather than ωs ⊙ idEt . Indeed, in the identification Et = Ba(B, Et) (B is unital!), the mapping
ωt : b 7→ ωtb is actually bilinear and, therefore, can be amplificated as a right factor in a tensor
product.
The embeddings Et → Es+t we obtain in that way are, indeed, bilinear so that we obtain an
inductive limit E− which is a bimodule, that is, a correpondence over B. We have now a family
of bilinear unitaries u−t : Et ⊙ E− → E−. Clearly, ω− := lim indt∈T ωt is a central unit vector, that
is in particular, 〈ω, bω〉 = b for all b ∈ B.
Now we can put together ut and u−t to form a unitary wt on E+ ⊙ E−. We define
wt = (ut ⊙ idE−)(idE+ ⊙u−t ∗).
What wt does is simply
E+ ⊙ E− −→ E+ ⊙ (Et ⊙ E−) −→ (E+ ⊙ Et) ⊙ E− −→ E+ ⊙ E−
or
wt(x ⊙ u−t (yt ⊙ z)) = ut(x ⊙ yt) ⊙ z.
Thinking of ut as identification E+ ⊙ Et = E+, as we did in many papers, and of u−t as identifi-
cation Et ⊙ E− = E−, then wt is just rebracketting
x ⊙ yt ⊙ z︸︷︷︸
E−
7−→ x ⊙ yt︸︷︷︸
E+
⊙z.
Clearly, the wt define a semigroup. And for every a ∈ Ba(E+), as (a ⊙ idE−)(idE+ ⊙u−t ) =
(idE+ ⊙u−t )(a ⊙ idEt ⊙ idE−), we find
αt(a ⊙ idE−) = (ut ⊙ idE−)(idE+ ⊙u−t ∗)(a ⊙ idE−)(idE+ ⊙u−t )(u∗t ⊙ idE−)
= (ut ⊙ idE−)(a ⊙ idEt ⊙ idE−)(u∗t ⊙ idE−) = ϑt(a) ⊙ idE− .
This proves the main theorem.
The assertions of the supplement follow simply from the preceding calculation by observing
that
〈(ξ+ ⊙ ω−), (ϑt(a) ⊙ idE−)(ξ+ ⊙ ω−)
〉
=
〈
ω−, 〈ξ+, ϑt(a)ξ+〉ω−〉 = 〈ξ+, ϑt(a)ξ+〉.
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2.1 Remark. For proving the note after the supplement, it is sufficient to observe, that (ξ+ ⊙
ω−)(ξ+⊙ω−)∗ is increasing for α, if and only if 〈ωt, ξt〉 = 1 for all t ∈ T. This implies ξtξ∗t ≥ ωtω∗t
and ξtξ∗t ≤ ωtω∗t , hence, ξtξ∗t = ωtω∗t and from this ξt = ξtξ∗t ξt = ωtω∗t ξt = ωt1 = ωt, that is
ξ⊙ = ω⊙.
We note further that the main theorem for the case where E+ = E∞ for the central unital unit
ω⊙ has been considered in [Ske01a]. Here we have the generalization where we assume neither
that ϑ is a dilation of the trivial semigroup (as in [Ske01a]) nor of any other CP-semigroup.
3 An open problem
E0–Semigroups (normal and strongly continuous in the case T = R0) on B(H) (H a separable
infinite-dimensional Hilbert space) are classified by their product system up to cocycle conju-
gacy; see Arveson [Arv89a]. This means that under the restriction on the dimension of H, we
have a complete characterization of E0–semigroups up to cocycle conjugacy by product sys-
tems. (Also, under suitable technical conditions every product system of Hilbert spaces comes
from an E0–semigroup; see Arveson [Arv89b]. The corresponding question for general product
systems of Hilbert modules is completely open, so far, in the continuous case T = R+ and has
been solved only recently in the discrete case T = N0 in [Ske04]. But this is not the open prob-
lem about which we wish to speak.) The truth is that we are speaking about E0–semigroups
only on those Hilbert spaces that are in the same isomorphism class. Under this assumption we
obtain the same statement also for Hilbert modules [Ske02] (without any continuity assump-
tion): If ϑ1 and ϑ2 are strict E0–semigroups on Ba(E1) and Ba(E2) and E1  E2, then ϑ1 and
ϑ2 are cocycle conjugate, if and only if their associated product systems E1⊙ and E2⊙ are iso-
morphic, that is, if there exists a family w⊙ = (wt
)
t∈T of unitaries wt ∈ Ba,bil(E1t , E2t ) such that
ws+t = u
2
s+t(ws ⊙ wt)u1∗s+t and w0 = idB. (In [Ske04] we have relaxed the condition E1  E2
to Ba(E1)  Ba(E2). Under this condition we have cocycle conjugacy (in an obvious sense),
if and only if the product systems are Morita equivalent. The notion of Morita equivalence of
correspondences is borrowed from Muhly and Solel [MS00].)
In full generality, we do not know what we can say about the relation among E1 and E2
given the information that there exist E0–semigroups ϑ1 and ϑ2 on them that have isomorphic
(or Morita equivalent) product systems. We know by explicit examples that neither of the
conclusions E1  E2 or Ba(E1)  Ba(E2) needs to be true. But what can we say, if E1 and E2
are inductive limits in the sense of Section 1 of the same product system E⊙ but with respect
to possibly different units ξ1⊙ and ξ2⊙? To state the problem we wish to pose clearly: Are
the inductive limits over a product sytem with respect to two different units always isomorphic
Hilbert modules or not?
Certainly the inductive limits will be isomorphic, if there exists an automorphism of E⊙
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that sends ξ1⊙ to ξ2⊙. In this case, necessarily the CP-semigroups generated by ξ1⊙ and ξ2⊙
coincide. But even in the case of Arvesons product systems of Hilbert spaces it is an open
problem, whether for every pair of (normalized) units there is an automorphism of the product
system that sends one unit to the other, that is, whether the automorphisms of a product system
act transitively on the set of units. A positive answer is known only for type I systems of
Hilbert spaces, that is, for symmetric Fock spaces. For time ordered Fock modules we have
the result provided the units generate the same CP-semigroup. (For more we cannot ask, so the
statement is analogue to that for Hilbert spaces.) But while we know that the inductive limit
over time-ordered Fock modules for a central unital unit (that plays the role of the vaccum) is
a time-ordered Fock module (indepent of the choice of that unit), we do not know whether the
same is true for a unit that generates a nontrivial CP-semigroup.
This discussion includes the representation space of the minimal weak dilation of an ar-
bitrary nontrivial uniformly continuous unital CP-semigroup. The fact that dilations of such
CP-semigroups may be obtained with help of quantum stochastic calculi lets us suspect that
also the minimal weak dilation lives on a Fock module. Positive answers exist only in the case
B = B(H). The situation we met in the proof of the supplement when we start with a pri-
mary dilation and a spatial product system, so that there are two units arround, ξ⊙ and ω⊙, one
of which generates a nontrivial CP-semigroup and the other unit generates the trivial one. We
would be happy if we could show that the two inductive limits are isomorphic and, therefore, the
minimal weak dilation a cocycle perturbation of a dilation of the trivial CP-semigroup. (This is
exactly what quantum stochastic calculus usually does: Constructing a cocycle that transforms
a dilation of the trivial CP-semigroup into a dilation of a nontrivial one.) We suspect that this
might not be possible in general. But we have the feeling that chances might improve, when we
try cocylce perturbations of α instead of ϑ.
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